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1. Introduction 
Monomial curves C in Pi, k an arbitrary field, are those curves whose generic 
zero is given by 
X=Sd, y = sd-ata ) z = sd-btb ) w zz p ) lsa,b<d, 
with gcd(a, b, d) = I. These curves are a good source for testing several questions 
in algebraic geometry and commutative algebra. Let P denote the defining prime 
ideal of C in A = k[x, y, z, w]. In the case C is smooth, which holds if and only if 
a = d - b = 1, Brumatti, Simis and Vasconcelos [5] have shown that PC”’ = P” for 
all n 2 1. Here PC”’ respectively p denotes the nth symbolic power of P 
respectively the integral closure of P”. For d 5 5 they verified the normality of 
R(P), the Rees ring of A with respect to P, i.e., PC”’ = P” = P” for all ~12 1. In 
the case d = 4, this was shown independently by Trung respectively by Eisenbud 
and Huneke, see [20] respectively [7]. 0 ne of the main objects of the present 
paper is to prove the following theorem: 
Theorem 1.’ Let P denote the prime ideal of the monomial curve C z F$ given 
parametrically by 
’ In the preprint “Powers of ideals having small analytic deviation”, S. Huckaba and C. Huneke 
gave a different proof of this result. 
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x = sn+b ) y = sbta ) z = satb ) w = p+b 
with integers 15 a < b and gcd(a, b) = 1. Then it holds: 
(1) The Rees ring R(P) = enrO P”t” is a normal Gorenstein domain. 
(2) The form ring G(P) = enzO P*lP”+’ is a Gorenstein domain. 
By [4], it is known that P is arithmetically Cohen-Macaulay respectively 
Buchsbaum if and only if b - a I 1 respectively b - a d 2. In particular, by view 
of Hochster’s results (see [9]), it turns out that P” = PC”’ = P” for all n L 1. In the 
special case of a = 1, i.e., C is smooth, this answers affirmatively a question posed 
in [5]. Theorem 1 is proved in Section 3. To this end there is also a presentation 
of R(P) respectively G(P) as a quotient of a certain polynomial ring. By virtue of 
Theorem 1 one may ask whether this holds for all monomial curves in Pi. This is 
not true (see [El), if the semigroup generated by a, b, d is not symmetric. Under 
this assumption, C does not have a complete intersection point in (1: 0: 0 : 0). 
Therefore, PC”) # P” for all n 2 2 as follows by a localization argument. In order 
to get a complete picture on the symbolic powers one wants to decide whether 
S(P) = BnzO P’“‘t”, the symbolic Rees ring of P, is an A-algebra of finite type. 
Recently this has attained much attention for the case of monomial curves in A:; 
see, e.g., [8] and [15]. Here we are able to present the first nontrivial examples of 
two-dimensional monomial prime ideals P such that S(P) is an algebra of finite 
type. To this end consider the following two cases: 
(A) x=s 
a(o+b)+b 
) y=s 
a(a+b)-2amb+l 2(a+b)-1 
t , 
z=s 
a(n+b)-o-b a+26 t , w = f(a+b)+b , with 1 < a < b . 
03) 
ab+2a+b-1 ab+2o-b-2 2b+l 
x=s > y=s t 3 
z=s 
ab-a-b+1 3a+26-2 
t > 
w = fb+2o+b-1 , withl<a,b. 
Theorem 2. Let P denote the defining prime ideal of the curve given in (A) 
respectively (B). Then P is a perfect respectively imperfect prime ideal with 
S(P) = A[Pt, PC2)t2] a Gorenstein domain. 
Thus, the property whether S(P) is an A-algebra of finite type does not depend 
upon the perfectness of P. Moreover, it turns out that PC2) = (P”, A) for a certain 
element A. Theorem 2 is proved in Section 4. Section 2 contains an auxiliary 
result on the Cohen-Macaulayness of an affine semigroup ring necessary for our 
proof of Theorem 1. In Section 5 we conclude with some remarks. Among others 
we relate the finiteness of the symbolic Rees ring S(P) to the presentation of C as 
a set-theoretic complete intersection. 
2. An auxiliary result 
In order to prove one of the main results we need the Cohen-Macaulayness of 
a certain affine semigroup ring. As above let k denote an arbitrary field. For two 
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integers 15 a < b with gcd(a, b) = 1 put 
B = k[sa+b, sbfa, ,yatb, ta+b, sb(b-a-i)tbiu , 0 5 i 5 b - a] , 
the subring of the polynomial ring k[s, t, u]. Let 
R = k[x, Y, Z, W, T,, . . . , Tb-a] 
denote the polynomial ring in the indeterminates X, . . . , w, T,,, . . . , T,_,. Then 
there is a natural epimorphism f : R * B induced by 
x-s 
a+6 
) yHSbta ) 2 H sat6 ) WHta+b) 
T_ I* Sb(b-a-i)tbrU , Q 5 i 5 b - a . 
Put Q = yz - xw and Fi = yb-‘w’ - x~-‘-‘z~+~, 0 5 i YS b - a. Then it is known 
(see [4]), that p = (Q, F,,, . . . , Fb_a) is the defining prime ideal of the monomial 
curve with generic zero (s’+~, sbta, satb, ta+b) in P:. Set I = (p, I,), where Z, is the 
ideal generated by the 2 X 2 minors of the following matrix: 
x y T,, T,*.. Tb-a_l 
z w T, T,...T,_, ’ 
i.e., I, is generated by 
Q, wTi - , zTi -XT,+, , Osisb-a-l, 
- 2 
Now shall prove is equal to kernel of the epimorhpism 
Theorem 3. We have I = ker f, i.e., RII z B, and RII is a three-dimensional 
Cohen-Macaulay domain. 
Proof. It requires several steps. First note that Z E ker f, which follows by an easy 
computation. Therefore, f induces an epimorphism R/Z-+ B. In order to show 
that R/Z is a Cohen-Macaulay ring it is enough to prove that T : = R,IIR,, 
M = (x, Y, z, w, T,,, . . . , Tb_=), is a Cohen-Macaulay ring (see [12]). Recall that Z 
is a homogeneous ideal of R. Let N denote the irrelevant maximal ideal of B. 
Then there is an epimorphism T+ B, which shows dim T 2 3 since dim B, = 3. 
Now we claim that x_ = { Tb_a, x, To - w} forms a system of parameters of T and 
dim T = 3. To this end note that 
Rl(I,xR)= k[y, z, w, T,, . . . , Tb_a_l]lZ’, 
where 
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I’ = (yz, Y b-iwi, 0 5 i 5 b - a - 1, yawbe - Zb, 1;) . 
Here Zi denotes the ideal generated by the 2 x 2 minors of the matrix 
0 y W T,.**Tb-a-l 
z w T, T,. m.0 
Then 
(R/Z), = k[x, l/x, y, z, T,,] l(F,,) . 
This follows because of 
w = (1lx)yz ) Fi = (zlx)‘F, , T,,, = (zlx)T, , 
in the case x becomes a unit. Similarly, it yields 
(R/z), = k[Y, Z, W, 1 lw, Tb-a]/(Fb_a) ,
and 
(R&,= k[x, Y, To, l/T,, T,]I(F,) 
(R/Z)Tb_, = k[x, w, Tbma_,, Tb-a, l/Tb-o]/(Fb-a). 
Since dim R,l(Z, x, w, T,,, T,_,)R, = 0 it turns out that the non-Cohen- 
Macaulay locus of T is contained in V(MT). 
Moreover, it shows that ZR, is unmixed up to an MR,-primary component. By 
virtue of [17] every system of parameters is reducing. In order to show that T is a 
Cohen-Macaulay ring it is enough to prove that x forms a T-regular sequence. 
Because it is a reducing system of parameters it is enough to prove that 
.Z : = (I, T,_, , x) R does not have an irrelevant primary component (see [l]). To 
this end first note that 
J = (x, Tbpa> YZ, Y b-iwi, 0 5 i 5 b - a - 1, yawbma - Zb, J’) , 
where J’ denotes the ideal generated by the 2 x 2 minors of the following matrix: 
0 y T,,... Tb-a_2 Tbmaml 
z w T,... Tb~a-l 0 
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Therefore. 
Rad .Z= (Tb_a,. . . , To, y, z, x)R n (Tb-a, . . . > T,, w, Y, 2, x)R . 
Next we compute 
J: (w) = (x, yz, ya+l, yawb-O - Zb, T,, . . . > Tb-a) 
and 
J: (T,,) = (x, z, yb-i~i, 0 5 i I b - a - 1, wbpa, J”, Tb_=), 
where .Z” is the ideal generated by the 2 X 2 minors of the matrix 
y To. *. Tb_a_2 Tbeael 
w T;.. Tb_o-l 0 ’ 
Here recall that J: (u) = U _I .I : U” for an element u of R. The first equality is 
easy to derive. For the second note that Z contains all elements of the form 
w’T, - y’T,, 15 i s b - a. Using the modular law for intersections of ideals it 
yields 
J:(x)nJ:(T”) 
= (x, yb-iW’, 0 5 i 5 b - a - 1, Z”, Tb-‘,, y-z, yawbma - Zb , 
( z, wb-‘) II (x, y’+‘, To,. . . 3 Tb-a)) 
= J. 
because wbmu T, E J”, 0 5 i P b - a - 1. Note that J” contains all elements of the 
form wiTi - yiTi+, , Osj<i,j+isb-a. 
This finishes the proof of the Cohen-Macaulayness of R/Z. Now x is an 
R/Z-regular element, i.e., there is an injection 
O- R/Z+ (R/Z), . 
Because (R/Z), is a domain the same holds for R/Z. Finally, Z = ker f because 
both are prime ideals of the same height. Whence the proof of Theorem 3 is 
complete. 0 
By the symmetry of R/Z we get also that x = {T,,, w, Tb_a - x} forms an 
R/Z-regular sequence. In relation to our main result Theorem 1 it will follow that 
B s R/Z is in fact a Gorenstein domain; see Corollary 7. 
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3. Proof of Theorem 1 
At the beginning let us fix some notation. Let k denote a field with s,t 
indeterminates over k. Write 
a+b 
x=s ) y=sbf, Z=,pp, w=ta+b 
with integers 1 IS a < b and gcd(a, b) = 1. By [3], the defining prime ideal P of this 
monomial curve in R = k[x, y, z, w] is given by P = (Q, F,, . . . , Fb_n), where 
Q = yz - xw and F, = ybm’r-v’ - x~-‘-~z’+~ for 0 % i 5 b - a. Also 
wF, - yF,+, - xb--‘za+‘Q z 0 
and 
zF, - xF,+~ - yb-“w’Q = 0 
for 0 5 i 5 b - a - 1. These relations form a minimal generating set of the first 
module of syzygies of P. On the other hand, there are the following quadratic 
relations: 
‘iFi+ 
-Fi+1Fj+ci,Q2=0, Osi<jsb-a-l, 
where 
cjj = Xb-o-i-lyb-i~lZa+iW1( yl-izi-l _ xj-lwj-‘)/( yz _ xw) . 
Note that ci, E M, M = (x, y, z, w)R. This is easy to check. 
Now let G(P) = enrO PnlPni-l denote the form ring of R with respect to P. Let 
g:(RIP)[T,, . . . , T&n, Sl+G(P) 
be the natural epimorphism induced by 
Ti H Fi , Osisb-a-l, S-Q, 
where To,. . , Tb_o, S &note indeterminates over R. Let J denote the ideal of 
(RIP)[T,, . . . , Tbpo, S] generated by 
wTi - yT,+, - x b-a-i-lZa+i S, 
(*) zT; - xT,+~ - Y~-~-Iw’S , OSizSb-a-l, 
TITj+l - T,,,T, + c;,S2 , Osi<jsb-a-l. 
Then J s ker g as noted above. 
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Proposition 4. With the previous notation we have: 
(a) G(P) E (RIP)[ T,,, . . . , Tb_a, S]lJ and 
(b) G(P) is a Cohen-Macaulay domain. 
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Proof. First note that g induces an epimorphism g : C -+ G(P), where C = 
(RIP)[T,, . , . , Tb_a, S]IJ. Modulo S it induces an epimorphism 
2: C/(S)+ G(P)I(Q’) , 
where Q’ denotes the initial form of Q in G(P). With the notation of Section 2 it 
follows that C/(S) z R/Z z B. That is, C/(S) 1s a Cohen-Macaulay domain with 
dim C/(S) = 3 and dim C 2 4 because of dim G(P) = 4. Therefore, dim C = 4 and 
S is a prime element in C. Next, we claim that C is a Cohen-Macaulay domain. 
To this end let q 5 (S) denote a minimal (homogeneous) prime ideal of C. Then 
sq =(S) n q = q 
because S@q, i.e., q = (0) and C is a domain. Because S is a C-regular element 
and C/(S) is a Cohen-Macaulay ring we know that C is a Cohen-Macaulay 
graded ring. By virtue of g the form ring G(P) is an epimorphic image of the 
domain C. Now dim C = dim G(P) = 4, i.e., ker 2 = (0). This proves the state- 
ments (a) and (b). 0 
n 
Corollary 5. Let P denote the above-defined prime ideal. Then P” = P = PC”’ for 
all nrl. 
Proof. By Proposition 4, G(P) is a domain with R, a regular local ring. Then - 
P” = PC”’ for all n 2 1 by [9, Theorem 11. Moreover, P” = P” for all n r 1 by 
PI. 0 
Note that PC”’ = P” follows also by virtue of [5, (2.14)], because P is a complete 
intersection in codimension one with the analytic spread a(P) = 3 < dim R = 4. 
This is true because 
(**) G(P) l(M) = k[ T,, . . . , Tb_a, S] /I* , 
where Z is generated by the 2 x 2 minors of the matrix 
( 
T, T;** Tb-*-, 
T, T2...Tbpa 1 ’ 
In order to continue with the proof of Theorem 1, let J be the ideal of 
R[T,, . . . , Tb-a, S] generated by the relations (*). Consider R(P) = R[Pt] = 
enzO P”t”, the Rees algebra of R with respect to P. 
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Proposition 6. With the above notation we have: 
(a) R(P) E R[T,,, . . . , Tb_, S]IJ and 
(b) R(P) is a Gorenstein domain. 
Proof. First note that there is a natural epimorphism 
h:R[T,,,...,T,-,,S]+R(P) 
induced by T, H F,t, 0 5 i I b - a, S H Qt. Clearly J 5 ker h. By (**) it follows 
that _F = {F,,, Fb_, Q} forms a minimal reduction with reduction exponent 
r,(P) = 1, i.e., P2 = EP. Now P is generically a complete intersection with 
grade G(P)+ = 2; see the proof of Proposition 4. Hence it holds that n(P) = 2 for 
the relation type n(P) of P; see [lo, Corollary 1.61 or [1.5, (4.2)]. Therefore, ker h 
is minimally generated by forms of degree 42. By Proposition 4 it follows that 
J = ker h, i.e., claim (a) is true. In order to prove (b), first note that S is a regular 
element with respect to 
C= R[T,,, . . . , T,_,, sl/J. 
Now consider C/(S). By a localization argument looking at (C/(S)),, u = 
x, Y, 2, w, T,,, Tb-u, it turns out that the non-Cohen-Macaulay locus of C/(S) is 
at most zero-dimensional. Therefore, the non-Cohen-Macaulay locus of C is at 
most one-dimensional. On the other hand, R(P) z C is a quasi-Gorenstein 
domain by virtue of [18, Corollary 3.41. It is enough to show that R(P),, 
N= R(P)+, is a Cohen-Macaulay ring, see [12]. Because of depth G(P) = 4, we 
have that 
4 5 depth R, 5 dim R,lp + depth (RN)p 5 5 
for all prime ideals p of R,,, and R = R(P). In the sense of [14, 3.2.71, C is 
half-way Cohen-Macaulay and thus a Cohen-Macaulay ring. Because quasi- 
Gorenstein and Cohen-Macaulay means Gorenstein the claim follows. 0 
Corollary 7. With the above notation, G(P) respectively the ring B of Theorem 3 is 
a Gorenstein ring. 
Proof. Because R(P) is a Gorenstein domain, it follows that G(P) is a Gorenstein 
ring (see [ll]). Since G(P) /( Q’) z B it yields also that B is a Gorenstein ring 
because Q’ is a G(P)-regular element. 0 
4. Proof of Theorem 2 
We start with the investigations on the first monomial curve. Fix the generic 
point of the monomial curve in pi given in (A) of Section 1. It turns out (see [3]), 
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that the defining prime ideal P in A = k[x, y, z, w] is given by P = (F, G, H), 
where 
F= ZY+b _ Xa-lybW, G = Xap’W2 _ y”z , H = ya+b _ yz+bplW. 
Therefore, P is generated by the 2 X 2 minors of the matrix 
i 
Y” Za+b-’ clw 
w Yb z 1. 
That is, P is a perfect prime ideal of height two. Taking the affine piece given by 
x = 1 and using the main results of [15] it follows that 
d = Zu+b&lF + Xa-lyb-1Zu+b&2WG + xa-lybH 
satisfies the following relations: 
yaA = Xa-1H2 _ Za+b-2FG , 
zA = F2 - xa-lyb-“GH 
wA=y b-oZa+b-2G2 _ FH. 
We have A E Pc2’\P2. Now let S(P) = enrO P’“‘t” denote the symbolic Rees ring 
of A with respect to P. 
Proposition 8. With the previous notation we have: 
(a) S(P) = A[Pt, At2], and 
(b) S(P) is a Gorenstein domain. 
Proof. Set R = k[x, y, z , w, U, V, W, S]. Then there is the following epimorph- 
ism f: R-+ A[Pt, At21 induced by U H Ft, I/- Gt, W- Ht, S- At2. Then Is 
ker f, where Z denotes the ideal of R generated by 
yaU+Za+b-lV+Xa-lWW, wU+ybV+zW, 
y”s _ x*-1w2 + Z*+b-2Uv, 
zs - u2 + xn-lyb-aw ) ws-y b-aZa+b-2v2 + uw. 
Thus f induces an epimorphism 7: R/Z- A[Pt, A2], i.e., dim R/Z?5. On the 
other hand, the ideal Z is generated by the Pfaffians of the following skew 
symmetric matrix: 
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i 
0 a+b-2 z v u xa-lw -s 
o+b-2 
-2 v 0 W -ya w 
-u -W 0 2 b-a Y v 
a-1 
-x w Y” -Z 0 u 
S -w -yb-"V -u 0 
Now consider the system of elements x_ = {z, S, W - x, V- y, U - w}. Then 
Bad (I, xR) = (x, Y, z, w, U, V, W, S)R as is easily seen. Therefore, dim RII = 5 
and I is an ideal of height 3. By the Buchsbaum-Eisenbud Structure Theorem 
(see [6]), it turns out that R/Z is a five-dimensional Gorenstein ring with x_ an 
R/I-regular sequence. An easy computation yields 
(R/Z), = k[x, y, z, 1 /z, w, U, V] /(GU - FV) . 
From the injection R/Z+ (R/I), it follows that R/Z is a domain with R/Z z 
A[Pt, At”] by an argument on the dimensions. Because (1: 0 : 0 : 0) is the only 
noncomplete intersection point of P we see that S(P) = TpRcPj(R(P)), where 
t?p) 
(R(P)) denotes the ideal transform of R(P) with respect to pR(P), p = 
z, w). Now R/Z is a Gorenstein ring with ht p(RII) = 2, i.e., T,,,,,,(RIZ) = 
R/Z. Now the inclusions R(P) 5 R/Z g S(P) imply S(P) z R/I, which proves (a) 
and (b). q 
In order to prove the second part of Theorem 2, fix the generic point of the 
monomial curve given in (B) of Section 1. Then the defining prime ideal P in 
A = k[x, y, z, w] is given by P = (F,, F,, F2, F3) with 
F,,=y’~-x~-~w~, F, = y2a+b-l _ x2a-2ZbW , 
F2 = yu+b-iw _ Xa-iZb+l , F3 = yb-‘W3 _ Zb+2 
(see [3]). In particular, P is not a perfect prime ideal. Moreover, note that P is 
generated by the 2 x 2 minors of the matrix 
i X 
y” xl;?: w Zb+l 
a-1 
1 
2 b-l . 
w Y Z WY 
Taking the affine piece of the curve at x = 1 and using the main results of [15] it 
follows that 
y”A = F; - x2ap2~b-1FoF2 , 
zA = x”-‘F; + y”~‘F,F, , 
WA = xa-‘yb-‘zb-‘F; + F,F, , 
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where 
A=-x 2a-2zbF2 _ x 2a-2yb-1Zb-1WFo + y+b-lFl . 
Therefore, we get that A E Pc2’\P2. 
Proposition 9. With the previous notation we have: 
(a) S(P) = A[Pt, At*], and 
(b) S(P) is a Gorenstein domain. 
Proof. Let R = k[x, y, z, w, T,, T, , T,, T3, S]. Then there is an epimorphism 
f: R+ A[Pt, At21 induced by T, H Fit, i = 0,. . . ,3, S++ At2. Let Z denote the 
ideal generated by the following forms: 
X a-l~bT,, - wT, + y”T2 , Y’+~-~T~ - .zT, + xa-lwT2 , 
z b+lT,, - w2T2 + y”T, , yb-‘wT, - zT, + xa-IT3 , 
Y b-l~bT; + T1T3 - wT; , y”S - T; + x2a-2zb-1TOT2 , 
zS - x”-‘T; - yb-lT,,T, , ws-x a-ly+b-‘T; _ T,T, , 
T; - TJ - Y~‘-~z~-‘T;. 
Then Z 5 ker f as is easily seen. Thus f induces an epimorphism 
7: R/Z+ A[Pt, At’] . 
First this shows dim R/Z 2 5. On the other hand, 
dim Rl(Z, gR) = 0, where& = {T,, y, z, T3 - X, S - W} , 
because of Rl(Z, &R) E k[x, w, T,, T2] /I’ with 
Z’ = (wT,, xa-‘wT2, w2T2, xa, T1T3 - wT;, T;, x’-lT;, 
w2 - TIT,, T; -xw) 
and Rad I’ = (x, T,, w, T2). Therefore, dim R/Z = 5. Next we claim that R/Z is a 
Cohen-Macaulay ring. To this end it is enough to show that R,IZR,, where N 
denotes the irrelevant maximal ideal of R is a Cohen-Macaulay ring (see [12]). 
Now 
(RI% ) rE {Y, =, w, T3,s> =y 
is a Cohen-Macaulay ring. For r E {y, z, w} this follows because PA, is a 
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complete intersection in A,. For r E { T3, S} this follows by some nasty calcula- 
tions using the above relations. 
Since dim Rl(Z, yR) = 0, the non-Cohen-Macaulay locus of R,IZR, is con- 
tained in V(NR,IZi,). That is, x is a reducing system of parameters of R,IZR,. 
In order to show that R,IZR, is a Cohen-Macaulay ring it is enough to prove that 
(Z,tR):(T,-x)=(Z,zR), z={T,,y,z,s-w}. 
To this end recall that 
Rl(Z, gR) = k[x, w, T,, T2, T3]/J , 
where J denotes Z evaluated at zR. Now 
Rad J = (T,, w, T,, X) II (T,, WY Tz, T3) . 
Then it turns out that 
and 
J:(x) = (wT,, wT2, T3, T;, T;, w2 - TIT,, T; - wT3) 
J: ( T3) = (wT,, x0-‘wT2, w2Tz, x’-~, T,T, - wT;, T;, 
w2 - T,T,, T; - wT,) . 
Therefore, (J: (I)) fl (J: ( T3)) = J, . . ., _ f 1e x orms an R,lZR,-regular sequence. 
By the injection 
R/Z+ (R/Z), = k[x, y, z, 112, w, To, TJI(FoTz - F2To) 
it follows that R/Z is a five-dimensional Cohen-Macaulay domain. Therefore, 
R/Z= A[Pt, At2]. Now ht p(RIZ) = 2, where p = (y, z, w), and R/Z = S(P) as 
shown in the proof of Proposition 8. Finally by [18, Corollary 3.41, and the 
modification suggested before Theorem 3.3, S(P) is a Gorenstein ring. 0 
5. Concluding remarks 
First let us recall the long outstanding problem whether any irreducible, 
reduced, integral curve C in pz is set-theoretically a complete intersection. If 
char(k) = 0 this is not known even for the class of imperfect monomial curves. Let 
P denote the defining prime ideal of C in A = k[x, y, z, w]. We denote by ara P 
the smallest number of homogeneous elements of A generating P up to the 
radical. In the case S(P) is an A-algebra of finite type we have 
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ara P 5 dim S(P) l(M) 5 dim A - 1 , 
where M = (x, y, z, w)A. 
Corollary 10. In both of the cases of Theorem 2 one has dim S(P) l(M) = 3 and 
P = Rad (G, H, A) respectively P = Rad (F,, F2, A). 
Proof. The dimensions of S(P) l(M) follow easily by virtue of the given presenta- 
tion of S(P). A homogeneous system of parameters of S(P)/(M) yields the 
desired formulas of P up to the radical. 0 
In contrast to the situation of a one-dimensional prime ideal, the finite type of 
the symbolic blow-up ring does not imply that P is set-theoretically a complete 
intersection. But it is known that a perfect monomial curve in Pi is a set-theoretic 
complete intersection (see [13] or [19]). We shall add an argument that ara P = 2 
for the first example considered in Theorem 2. To this end take the syzygy 
wF+ybG+zH=O, i.e., 
and 
y”G=-zHmodF 
Y 
(a+b)bGa+b ~ (_l)a+bZn+bHa+b ~ (_l)a+bXa~lybWH~+b mod F. 
Because y is regular modulo F it follows that 
Y 
(a+b-l)b 
G a+b S (_I)n+bX’-lWHa+b mod F 
The sequence { Y@+~-‘)~, x’-~w} is regular modulo F, i.e., there exists a form 
K E A such that 
Y 
(a+b-l)bK= (_l)o+bHa+b mod F 
and 
x ‘-‘wK = Ga+b mod F . 
This shows K E P and P = Rad (F, K). Using results of [4] a slight modification 
yields another proof that any perfect monomial curve in Pi is set-theoretically a 
complete intersection. 
The question whether the second example in Theorem 2 is set-theoretically a 
complete intersection remains open for char(k) = 0. 
In order to complete the picture about the question when P” = PC”’ for all n 2 1 
for the defining prime ideal P of a monomial curve in Ln$, let us note the 
following: By Plucker’s formula it turns out that P, = (1: 0: 0: 0) and P2 = 
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(0 : 0 : 0 : 1) are the only possible singular points of such a curve. Because the local 
rings at these points correspond to monomial curves in Ai we have P”A, = 
P’“‘A, for all n 2 1, Q = (y, z, w)A respectively Q = (x, y, z)A, if and only if 
both of the singularities are complete intersection points. Thus a necessary 
condition for PC”) - P” for all IZ 2 1 is that the singularities of the curve are at 
most complete intersections. It is not clear whether this condition is also 
sufficient. Note that Theorem 1 gives a certain support to an affirmative answer. 
Moreover, if G(P) is a Cohen-Macaulay ring respectively the zero ideal of G(P) 
is unmixed, then it is true (see [ll, Corollary 2.11). So it would be of some 
interest to clarify when the form ring G(P) is a Cohen-Macaulay ring for the 
prime ideal P of a monomial curve in Pz.’ 
In connection with S(P), the symbolic Rees ring, one may consider 
T(P) = @k-O P(“)lP@+‘), the symbolic form ring with respect to P. Note that 
W) = S(P)IS(P)+(l), h w ere S(P)+ denotes the homogeneous ideal generated 
by all forms of positive degree. Thus, T(P) is a Noetherian graded ring, provided 
S(P) is a Noetherian graded ring. 
Corollary 11. Let P denote one of the prime ideals considered in Theorem 2. Then 
T(P) is a Gorenstein domain. 
Proof. By the argument of [9] it follows that T = T(P) is a domain. Note that 
TmA A, = G(PA.) is a domain. Set S = S(P). Then the short exact sequences 
and 
O+S+(l)+S+ T+O 
imply that T is a graded Cohen-Macaulay ring. Now the canonical module K, of 
T is given by K, = Exti(S/S+(l), S). Note that S is a Gorenstein ring with 
dim S = dim T + 1. For an S-regular element r E P\PC2’ it follows 
K,zHom,(S/S+(l), S/r-S)= (rS:S+(l))IrSE S/S+(l) 
(see [ 11, Lemma 1.11). That is, K, E T and T is a Gorenstein ring. 0 
There has also been interest in the extended (symbolic) Rees rings 
R’(P) = R(P)[u] ) S’(P) = S(P)[u] ) u=t-‘) 
of a prime ideal P of A. It is clear that 
’ For further results in this direction see the preprint of S. Huckaba and C. Huneke mentioned in 
Footnote 1. 
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R’(P)/(u) = G(P) and S’(P)/(u) z T(P) . 
In the situation of Theorem 1 and Theorem 2, u is a prime element of R’(P) 
respectively S’(P). Because of 
R’(P), z A[t, u] respectively S’(P), = Ait, ~1 , 
it turns out that R’(P) respectively S’(P) is a Gorenstein unique factorization 
domain. 
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